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ABSTRACT

The performance of ground-based high-frequency (HF) antenna arrays is reduced

‘when the array elements have electrically-small ground planes. Performance degradations
include: (1) a decrease in directive gain near the horizon (caused by earth multipath), (2) a
{decrease in radiation efficiency and an increase in internal noise (caused by ground losses),
/(3) an array RMS phase error (caused by exterior currents on-élement feed cables), and (4)
‘an array fmséhgsc_ error and beam pointing errors (caused by non-uniform Fresnel
- reflection RMS from a non-homogeneous earth).

This paper models the degradation described in (4) above. Numerical results are

! -presented.for cases of randomly-distributed and systematically-distributed earth non-
‘homogeneities:where one-half of vertically-polarized array elements are located in
1 proximity to one type of earth and the remaining half are located in proximity to a second
“type of earth. The maximum rms phase errors; for the casés examined, are 18 degrees and

9 degrees for tandomly-distributed and systematically-distributéd non-homogeneities,
respectively. The maximum beam pointing efrors are 0 and 0.3 beamwidths for randomly-

-distributed and systematically-distributed non-homogeneities, respectively.
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SECTION 1

INTRODUCTION

High-frequency (HF) over-the-horizon (OTH) radars generally employ transmitting
and receiving antenna arrays whose elements are in close proximity to earth, but with
electrically-large ground planes to mitigate the influence of earth on antenna performance.
However, in the design of advanced OTH radar systems with sparse receiving arrays
:comprising hundreds or thousands of elements pseudo-randomly distributed over a large
area, electrically-larz 2 metallic ground planes are prohibitively expensive to construct or to
maintain for so many elements. One alternative approach is to employ salt-water ground
planes to achieve an electrically-large ground plane. However, suitable salt-water sites are
not readily available and have their own unique problems. A second alternative approach is
to use elements with electrically-small ground planes and to accept the reduction in antenna
performance caused by a grzater susceptibility to the influence of the earth. This second
alternative approach is considered in this paper.

The performance of ground-based HF antenna arrays is reduced when the array
elements have electrically-small ground planes. Performance degradations include (1) a
decrease in directive gain near the horizon (caused by earth multipath), (2) a decrease in
radiation efficiency and an increase in internal noise (caused by ground losses), (3) an array
RMS phase error (caused by field-induced exterior currents on element feed cables), and
(4) an array RMS phase error and beam pointing errors (caused by non-uniform Fresnel
reflection from a non-homogeneous =arth).

This paper models the array RMS phase error and beam pointing errors caused by
non-uniform Fresnel reflection from a non-homogeneous earth. Numerical results are
presented for cases of randomly-distributed and systematically-distributed earth non-
homogeneities, where one-half of vertically-polarized array elements are located in
proximity to one type of earth and the remaining half are located in proximity to a second
type of earth. Itis found, for the cases examined, that the maximum expected values of
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RMS phase error are 18 degrees and 9 degrees for randomly-distributed and systematically-
distributed non-homogeneities, respectively. The maximum expected values of the beam-
pointing error are 0 and 0.3 beamwidths from randomiy-distributed and systematicaliy-
distributed non-homogeneities, respectively.

The performance degradation, caused by non-uniform Fresnel reflection by a non-
homogeneous earth is modeled in section 2. Numerical results are presented in section 3.
The summary and conclusions are given in section 4.




SECTION 2

MODEL

Consider a sparse HF receiving array of m vertically-polarized elements with ground
-planes, of radius a, pseudo-randomly distributed on flat earth over a circular area of radius
s >> a. The elements, in close proximity to earth, are identical except that the earth below
-each element may vary from element to elemeni. The element length ¢ and ground plane
radius a are assumed to be electrically-small (£ « 2, a « 2, where 2, is the RF wavelength

in free space). The midpoint of each element is at a height h above the earth.

Consider now a plane wave incident from the true direction (9, ®) where 0 is the
elrvation angle of incident with respect to zenith (the z axis) and & is the azimuthal angle
with respect to the x axis. The electric field at the midpoint of the k-th element, in the
absence of mutual coupling among elements, is the sum of the fields from a direct ray
incident from the direction (0, ®) and an indirect ("multipath”) ray reflected at a point P, at
a horizontal distance h tan 0 from the element local origin O, (see figure 1). We assume
that the ground plane is sufficiently small so that the indirect ray is reflected from the earth
rather than from the ground plane. Accordingly, the radius of the ground plane satisfies the
conditiona < h tan 8. (Atangles of incidence 8 < 60° this condition is more stringent than
the conditiona <<2,.)

The radiation pattern of the kth element is then approximately identical to that of a
veriically-polarized Hertzian dipole at height h above flat earth (see figure 1).

The relative permittivity £; / &, of the earth at the kth element is given by

8; /80 =&, —j 60 2’0 Oy (2'1)

where

(18]
'
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Figure 1. The kth Element Approximated by a Vertically-Polarized Hertzian
Dipele Above Flat Earth
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g, = dielectric constant of the earth at the kth element (numeric)

o, = -conductivity of the earth at the kth element (S/m)
A, = RF wavelength in free space (m)
‘For homogeneous earth,

€leg,=¢~-j60A o (2-2)

The ground constants ¢, and o, loss tangent, and penetration depth 9, for the International

Radio Consulative Committee (CCIR) 527-1 classifications of homogeneous earth, are
summarized in table 1.

The field Ek (0,0) at the kth element, after elimination of the true phase advance of the
direct field at each element relative to that at the origin, is given by

E,(0)=Asin6 {1 +R, v expl-j(2x/ A,)2h cos 9]} 0<0<xm/2rad (2-3)

where

A = constant (V/m)
0 = angle of incidence (measured from zenith) of the direct ray (degrees)

Riy= IRk,vl exp[j(angle R, ,)] = Fresnel reflection coefficient of the earth at the kth
element for a vertically-polarized direct wave incident from the direction (9,$).

Equation (2-3) is valid for.computing the indirect field in air relative to the direct field in air.
The single ray (plane wave) Fresnel reflection coefficient model of equation (2-3) is not




. o o o 0 0 0 0 o't aoeds 0org (11)
! 00L X b'E o0L X9t o0l X8'% | 1.01X866°C | [-OL X966'S | 0L X 8G6'2 0L X0'S ool {101) pue ebesoay (01) A
| 201 x9°¢ - - -0l X S66°9 - - 50l XG'¢
- 20L X ¥ - - 20l X 6L0°L - g0 X2 0'¢ (.01~ Jojem yso)) 0o} {6}
| - - 201X 1S - - 201 X65¢ | g.01xgl
’ 0L X 2'6 - - 201%X666°L | . - . 0L X0')
_ 20L X0t - - 2:0l X L6S°C - -0l X 0'6 T oe (0ot~ 1memysazy) 291 (g)
1 - - 201 XS - . 1-0} X661t | 5.01X09
Lot x/e - - 201 X /21 . - e0L X L} .
X - 201 X U6 - - g0l X S6b°L - -0l X 0°S 0°'08 202 Jarem omng (2)
. - - $0L X 92 - - v-0L X051 | g.01 %@L
101X 26 101X 26 10 X 26 2-01 X666't | 2.0 X £66°C | 1.0 X 66G°L $-01 X 0'L o'e punoig &g Lap (9) <
; 10X 172 101 X112 oLxie 2-01 X 266°C | 2.01 XG66'L | 1-01 X L66°€ ¢-0l X0t 0°s1 punoig LiQg woipaly () ™
, 1 ootxez o0t X0e | 0LxZL€ 1-0L X 666°L | .01 X £66'€ | 01 X 66671 201 X0'L 0'0¢ punoio 1ops (1)
: o0l X971 00l X 9L o0L X 1'2 1:0L X 8122 | 1-01 X LBV'V | o0l X 1522 20Lxo0¢ 008 Joiep usosy ()
’ (0,02 Anues
0L X b 201 x8'S 1-0LX €4 101 X €82’y | |01 XS2h'8 | 201 X282 0's 0'0L obesane) 1alepm eag (2}
. 0 0 0 ™ oo , 3, o ot punosg 19aj1ad (1}
i c66%6] l9gs'G1] lee'se) [ " lessiel "logestl [ lecteol” ,
. ~_o¢ L £ o¢ . St . €
. . {(w) yibuajonep] (w) yibusjonem
{Z1-) Aouenbasy (zH4W) Aouanbasy
: , - ) g . . (o) (x09) = (°3'am)0 (ug)o 3 sesed
. H1d30 NOLLVHIINId INIONVL SSOT L SINVISNOD

, LR JO SUOTIBILISSRID)
; [-LZ$-MIDD J0 Wda UoRenduad pue uague] SSOT ‘Aaniunad T A1qUL

| b Wb e

| i
A R K P A e 0 et T L b




~valid for calculating the amplitude A of the direct wave because the model does not include
‘the substantial surface wave near-field losses in the earth.

The Fresnel reflection R,, for parallel (vertical) polarization (the E-field is parailel to
the plane of incidence) is given by [1]

_ (¢, '€,)cosO —[(g,/¢€,)—~sin* 6]
Y (g /g,)cos8 +[(g; /£,)~sin* 6]

(2-4)

where €, is given by-equation (2-1). The Fresnel reflection coefficient R, is a function of
k and 6. For homogeneous earth, equation (2-4) reduces to

(€"/¢&,)cos8 ~[(¢'/¢,)~sin* 6]
Rk =Ry= [ . 2 1/2 ?
(¢ /g,)cos8 +[(e /¢g,)—sin" O]

homogeneous earth  (2-5)

XY

where &, /€, is given by equation (2-2). For homageneous earth, R, is a function only of
the angle of incidence © and the relative permittivity € / €,. The Fresnel reflection
coefficient R, computed by MITRE program MODIFIED IMAGES, is given in tables 2

through 11 at 6, 15, and 30 MHz for the ground constants specified in table 1. The
coefficient R, is tabulated as a function of the grazing angle y (with respect to zenith).
Please note that y = (1/2) - 0 (rad) or y = 90 - 0 (degree).

The numeric directive gain d(6) of a vertically-polarized Hertzian dipole at a height h
above flat homogeneous lossy earth is given by reference Z as

(8]
1]
L




2O\
[ T2 2EG) , 0<06<m/2

| j |E(O)P sin 0 dO

d®)= lossy earth (2-6)
0 , -m/2<6<0

where E(8) is given by equation (2-3) (with the subscript k suppressed). The integration in

the elevation plane is restricted to the upper hemisphere because, for a lossy earth, there is
no far-field radiation in the lower hemisphere. The directive gain D(9) = 10 log,, d(8)

(dBi), computed by MITRE program MODIFIED IMAGES, is tabulated in tables 2

‘through 11 for the case h = 0.

The field E, (), given by equation (2-3), may be rewritten as

E/Asin@ = (1 + IR, cos B +j IR I sin B, 2-7)
where
B, = phasedelay of the indirect array with respect to the direct ray
B, (rad) = angle R, (rad) - (27/A,) 2 h cos 6
= (2-8)
B, (deg) = angle R, , (rad) - (180/m) (2%/A) 2 h cos 6
The argument o, of the complex quantity E,/A sin 6, is given by
o, (6) =arc tan [ IR, I sin B,/ (1 +IR,, | cos B,)] (2-9)

For homogeneous earth, o, = ot and 3, = B. The phase delay B and argument o are
tabulated in tables 12, 13, and 14 for homogeneous very dry ground, medium dry ground,
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and wet ground, respectively. Numerical values are given at 6 MHz for b/, =0, 0.054
and at 30 MHz for A, = 0, 0.270. The normalized heights h/A_= 0, 0.054 and 0.270
correspond to the mid-point at 6 MHz and 30 MHz, respectively, of a vertical monopole of
length ¢ = 5.4 m.

The mean argument @ (@), averaged over the m elements of the array for a plane
v ave incident from the direction 9, is givenby

m
@ =(1/m) 3 o/ (6)
k=1 (2-10)

The variability of the argument o, from element to element causes an array RMS
phase error oy and beam pointing errors Bg, By. The RMY phase error, at the diffraction
focus of the array [3], is given by

m 1/2
0, (0) = {(2(1 [ m)[er, (8)— a<e)]2) -~ ai(e)}

k=1

(2-11)

where o (8) is the RMS phase error caused by a linear phase shift resulting from beam
pointing errors. The rms phase error o (9) is given by equation (A-13) in the appendix
as

. 2 . 23112
1/ m)[Z(xk [r)(o, =T (l/m)[Z(y,c [ ry ), —&)]
o, = L=t . L k=1

S ) S 0/ 1)
k=1

%=1

.. are uncorrelated (2-12)




Xy Yr = projections of the kth element location onto the x and y axes, respectively,
whose origin is at the center of the array.

The non-homogeneous earth causes beam pointing errors Bg and By, in the elevation

and azimuthal directions, respectively. The beam pointing errors, for a plane wave incident
from the true direction (0,$) are given by equations (A-20) and (A-21) as

By =0, e — 0 =—(1/ cosO) (G~ u)cosd+ (¥ —v)sind), B, <<1rad  (2-13)

By = 0o — 9 ==(1/ sinO)(& - w)sing + (V- v)cos¢), B, << 1 rad (2-14)

where (8, ppurens Papparens) 1 the apparent beam direction when the beam has a true direction
“ (8,0). The quantities (i - #) and (¥ - v) are given by equations (A-9) and (A-10),
tespectively, as

AR N

; d—-u=(\,/2nr,) Z(xk [ r (o "a)/Z(xk /1)

r;, k=1 k=1 (2'15)
L

: V-v=Q,/2nr,) Zl(y"'/ r(e, —E)/;(yk/ ) (2-16)

where x,, y, are sssumed to be uncorrelated.

The parameters og, Bg, B, &2 - 4, and V- are zero for the cases: (1) homogeneous
earth (0t, = ©) and (2) non-homogeneous earth with randomly-distributed non-

homogenities and elements (Zxk (o, —0) = 2}’,, (o, —0)= 0). However, for non-
homogeneous earth with systemaiicaliy-distributed non-homogeneities or elements

(Z'xk (0, =T #0), 3y, (0, ~T)#=0), ) then o, B,y.B,, ii—u and ¥-v are non-

Zero.




SECTION 3

NUMERICAL RESULTS

Numerical results for the RMS phase error o4, and boresight errors Bg, By, are
given in this section for cases where a fraction of the elements are located in proximity to
earth of permittivity €, and the remaining fraction are in proximity to earth of permittivity
gy;. This type of non-homogeneous earth is designated as “two-level" non-homogeneous
earth. Accordingly, the parameters &, Vi, By, and R, at the kth element are given by

&, R, at p elements,
€0 OyoBa Ry, = two - level non - homogeneous earth (3-1)

€,0y, R,y at m- p elements

‘Furthermore, it is assumed that the elements are randomly distributed over the circular area
of radius r, and that projections x; and y; of the kth element onto the x and y axes,

respectively, are uncorrelated.

3.1 Randomly-Distributed Two-Level Non-Homogeneous Earth

Consider first the case the two permittivities €, and €, are randomly distributed with
occurrence frequencies p/m for €; and 1 - (p/m) for €. Consequently,

z X, 00, =Z y,0., = 0, randomly distributed non-homogenities and elements  (3-2)
k=t k=1

For this case, equations (2-10) through (2-16) reduce to

a®)=(p/m)o,(©)+[1-(p/m)o,(®),

two-level non-homogeneous earth (3-3)

3-1




amu(e) = {(P / m){a,(e) - ('1'(6)]2 + [1 - (p / m)][a” (e) —_ a(e)]z}”z,

two-level ron-homogeneous earth, randomly-
distributed elements and non-homogenities (3-4)

Op=By=B,=t0-u=v-v=0,
randomly distributed elements and earth
non-homogenities (3-5)

Numerical values of the RMS phase error @, (8) are given in tables 15 through 17
for three compositions of two-level randomly-distributed non-homogeneous earth for p/m
= (.5 and elevation angles 60 <6 <90 degees. Table 15 is for very dry ground/medium
dry ground. Table 16 is for medium dry ground/wet ground. Table 17 is for .very dry
ground/wet ground. Numerical values are given at 6 MHz for normalized height h/A =0,
0.054.and at 30 MHz for h/A,= 0, 0.270.

The RMS phase errors of tables 15 through 17 are summarized in table 18. The
largest phase errors occur for very dry ground/wet ground. At 6 MHz, the maximum RMS
phase error is 10 degrees and occurs for 6 = 85 degrees, h/A,= 0, 0.054. At 30 MHz, the
maximum RMS phase error is 18 degrees and occurs for 6 = 85 degrees, h/A = 0, 0.270.
The RMS phase error generally increases with increasing values of h/A, (for modest value
of h/A,). The dependence of RMS phase error upon 8 is generally non-monotonic.

3.2 SYSTEMATICALLY-DISTRIBUTED TWO-LEVEL NON-
HOMOGENEOUS EARTH

Consider now the case where the two-permittivities €, and 8;, are not randomly
distributed over the array area of radius ry. In particular consider the case where the left
half of the array of p = m/2 elements is over earth with a permittivity €; and the right half of

the array of m - p = m/2 elements is over earth with a permittivity €. Accordingly,
p/m=0.5 and
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€,,0,,B,,R,, at (m/2) elements,-r, <x, <0
e;ac’alz’Bk’Rk,v = (3-6)

€4>0y o8 Ry, at (m/ 2) elements, 0< x, <7,

If the probability densities of the spacing of element location projections on the x and
y axes were specified, then the cumulative probabilities, of the RMS phase error and beam
pointing errors exceeding specified values, could be determined [4]. In this study, only the
expected value of the RMS phase error and beam pointing errors are determined.

The expected value <s > of the spacing between element location projections xy, X,
on the y axis, is given by

< s> =ra/(m-1) (3-7)
Form>>1
< s2/rp <L P /ey, <lypP/ra << 1 (3-8)

Denoting the ordered projections of x, on the negative and positive x axes as xq then

-q <s>q=12,...m/2; -5, <x <0
<Ry ordered >=< Xq >= - m>>1 (39

q <s>q=L2,...m/2; 0<x <r,

For @, and x given by egs. (3-6) and (3-9), respectively,

m mi? mi2
3 (4 1 r)(ey — ) = —‘—[(a, ~®)Y g+ (ay —mzq]
k=1

m "'1 q=l =1




__1 (a”_al)(m/z)[(mIZ)H] _m(m+2)
m=1 2 q(m=1)

(o

Y. (3] r)(o, — @) =0; y, and x, are randomly distributed
k=1

mi2
Z(xk/rA) —Z()’k /rA) =2Z(x /rA
k=1 k=1 9=l

z»izq 2 (m/2(m/2)+1[(m+1)

~ (m-1) (m—1y* 6

g=1

_ m(m+1)(m+2)
12(m—1)?

%) (3-10)

(3-11)

(3-12)

Substituting equations (3-10) through (3-12) into equations (2-10) through (2-16),

a®=(o,+0,)/2

2

0 e (8) = {0.5[(0x, = &) + (0, = @)*] - 03 }

ir2

(1 [m(m+2)(a,, —a,)]z 12(m—1)*

L 8(m—1) mim+1)(m+2)

_[3 (m+2) 0, ' 1"
16 (m+1)

=[3/16)m+2)/ = - b o, — o]

N A, mim+2N ) 12m~1)?
2mr, 8(m -1, m{m+1)(m+2)

(3-13)

(3-14)

(3-15)




=7.., 3 (m—-1)c, —,)

r, 4w (m+1) (3-16)
V—v=0 (3-17)
By=- L (ii—u)cosd = A, 3 (m—D)@, —a,)
cosO r, 4w (n+1)
= -(BW)q 15 3 (m—I1)(c,, — 0t )cosO ,B, <<1Irad (3-18)
T 2n (m+1)
where
(BW)g53 = clevation beamwidth of the array main beam at its haif-power points
= (1.02 2 f2ry cos 8) rad (3-19)
B°= -l (ﬁ—u)SinQ=S§“Q }&_i_(m-l)(a”_al)
sin© sin® r, 4w (m+1)
= (BW), 225 3 (n= Doy —%)SING b rad (3-20)
2R (m+1) sin®
where
(BW)gs,;g = azimuth beamwidth of the array main beamat its half-power points
= (1.02A/2r, rad (3-21)

Numerical values of the RMS phase error o, and beam pointing errors Bg, By are
given in tables 19 through 21 for systematically-distributed non-homogencous very dry
ground/medium dry ground, medium dry ground/wet ground, and very dry ground/wet

ground, respectively. The RMS phase errors are approximately 50 percent less than those
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given in tables 15 through 17 for randomly-distributed non-homogeneous earth. The
elevation and azimuthal beam pointing errors are approximately one-tenth the 3 dB
beamwidths of the array main beam.

The expected values of the RMS phase error and elevation beam pointing error of
tables 19 through 21 are summarized in tables 22 and 23, respectively. The largest RMS
phase error is 9 deg. The largest beam pointing error is 0.3 of a beamwidth. The
maximum errors occur for 8 = 85 deg, 30 MHz, h/A = 0.270, and very dry ground/wet
ground.
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SECTION 4

SUMMARY AND CONCLUSIONS

The electric field, at each element of a ground-based HF receiving array, is the sum of
a direct field and an indirect (multipath) field. For elements with sufficiently-small ground
planes, the indirect field is reflected not from the ground plane but from the earth in
proximity to that element. The indirect field, relative to the direct field, is the product of the
earth Fresnel reflection coefficient and a path-length phase delay that is proportional to the
height of the element above the earth. If the earth beneath the array is not homogeneous,
then the argument of the total electric field at each element (after allowance for the true
phase advance of the direct field at each element) is not uniform from element to element.
The non-uniform argument causes an array rms phase error. The non-uniform argument
also causes beam pointing errors when the non-homogenous earth is systematically-
distributed.

The earth Fresnel reflection coefficients and the arguments of the total field, for a
vertically-polarized Hertzian dipole at height h above the earth, are tabulated in this paper
for CCIR 527-1 classifications of earth and h/A, = 0, 0.054, and 0.270. The normalized
heights h/A, = 0.054 and 0.270 comrespond to the midpoint at 6 MHz and 30 MHz,
respectively, of a 5.4 m length vertical monopole. The RMS phase errors and beam
pointing errors are modeled for arbitrary distributions of non-homogeneous earth.

Numerical results are presented for randomly-distributed and systematically-
distributed earth non-homogeneities for cases where one-half of the array elements are
located in proximity to one type of earth and the remaining half are located in proximity to a
second type of earth. The combinations of earth types that are considered are very dry

ground/medium dry ground, medium dry ground/wet ground, and very dry ground/wet
ground.
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The RMS phase error is an increasing monotenic function of h/A,, (for modest values
of h/A,). The RMS phase error is generally a non-monotonic function of the angle of
incidence 6.

The maximum expected values of the RMS phase errors at the best diffraction focus
of the array for the cases examined, are 18 degrees and 9 degrees for randomly-distributed
and systematically-distributed non-homogeneities, respectively. The RMS phase error is
less for systematically-distributed non-homogeneities because the linear phase error caused
by beam pointing errors has been subtracted from the RMS phase error. The maximum
expected values of the beam pointing error (in elevation and in azimuth) are 0 and 0.3
‘beamwidths for randomly-distributed and systematically-distributed non-homogeneities,

respectively. The maximum RMS phase errors and beam pointing errors occur for very
dry ground/wet ground, 6 = 85 degrees, h/A, = 0.270.

The above numerical results suggest that the influence of non-homogeneous earth is
appreciable, but not significant, on the performance of HF receiving arrays with
electrically-small ground planes that do not require very low sidelobes.
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APPENDIX

BEAM POINTING ERRORS CAUSED BY A NON-HOMOGENEOUS
EARTH

Consider a plane wave that is incident from the true direction (0, 9) at the kth element
of a large array of m randomly distributed elements within a circular area of radius 15. The
elements are in proximity to non-homogeneous earth whose non-homogeneities are not
necessarily randomly distributed over the circular area. A systematic distribution of non-
homogeneities causes beam pointing errors Bg, By that in turn cause a linear phase shift.
The beam pointing errors reduce the tracking accuracy of the array. The linear phase shift
causes a mean phase-squared error o5 which should be subtracted from the array mean

phase-squared error computed at the diffraction focus of the array. Expressions for the
beam pointing errors Bg, B, and RMS phase error 0. are derived in this appendix.

The true phase advance 8y, ., of the direct field at the kth element, relative to that of
an element at the center of the array, is given by reference 1.

O e = (21 / X, )(x, sinBcos P+ y, sinOsind) = (27 / A, Yx,u+ y,v) (A-1)
where
Xy, Yx = coordinates of the kth element along the x and y axes, respectively,

with the origin at the center of the array.
u = sinBcosd

vV = sinBsin¢




The measured phase delay 8y at the kth element, in the presence of an indirect field

reflected from the earth, is given by
Sk = Slmc.k + (o, — @) (A-2)

where o, @ are given by equations (2-9) and (2-10), respectively.

The estimates {i= sin 6 cos ¢, V= sin 6 sin ¢ may be determined from the least squares
algorithm given by

2

minimize with respect to §,9: Z[ak — 21/ Ay )X+ 9] (A-3)
k=1
The minimization in equation (A-3) is executed by
8 S5, - /A )i+ =
%E[ p =R/ E+y )] =0 (A-49)
CAS 5, —-Q@2xr/ X\ u ol =0
ggl[ e = /) (xi+y,9)] = (A-5)
Equaﬁons (A-4) and (A-5) reduce to
i[ﬁkxk —Qr/A,)x; § - 21/ X,)xy,Y]=0 (A-6)
k=1
m
Z[Skxk ~Q2r/A)x i —-(2r/N,) y,fCr] =0 (A-7)
k=1




The projections x; and y, are uncorrelated (because the element locations are randomly
distributed). Accordingly,

Zxky,, =(, elements randomly distributed (A-8)

k=1

Substituting equation (A-8) into equations (A-6) and (A-7),

{ = Lo k=l = Do k=1
2% 2
T 2 X: yis z x:
k=1 k=
Z(x,,/ ro(oy -
=u+ A, ia xk, y, are uncorrelated
A-9
SO NN o
k=1 -
Z Y5, Zyk[(zn/x )x,v + (0, — )]
Q= o k=1 o k=1
2 m 2 m
Yy T Y y:
k=1 k=]
\ S0 /(e ~ D)
> A = ; Xz, ¥, are uncorrelated (A-10)
271'",4 Z(y,: / r, )2
. k=1

It should be noted that i = u, ¥ = v for ihe cases of homogeneous earth (0t =T) and non-
: homogeneous earth with randomly-distszbuted elements and non-homogeneities
(Zxk (o, —x) =2 Yi(o, — ) =0). However, for non-homogeneous earth with

systematically-distributed elements or non-homogeneities (Zx,, (oc, —10) =2 ¥ (o, =) #0),
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then Gy, V#v,
The RMS phase error ¢; contributed by beam pointing errors is given by

o = (1/ m) 3 {2y [ AoV [(xg / 1g)(E—w) +(yp / 1) (T =) (A-11)
k=1

where i = u, V= vare given by equations (A-9) and (A-10), respectively.

Since X, and Y: have been assumed to be uncorrelated, equation (A-11) reduces to

0ty = Qrer, IACL m) (= w) S (k£ 1)+ (1 m) (-2 3 T,

k=l k=1
X, ¥, are uncorrelated (A-12)

Substituting equations (A-9) and (A-10) into equation (A-12),

12

(@m0 e e - @7miS 0/ e, w0
k=1 - + k=1 , (A‘l3)

S in) 3 (5 1)
k=1 k=1

X,,y, are uncorrelated

g

The beam pointing errors By, B, in the elevation and azimuthal directions,

respectively, are defined as

BO - eappamu -6 (A-l4)

B = Bupe =0 (A-15)




‘where (@ . éc;-_».—”.-) is the apparent beam direction when the beam has a true

cpgaren:

direction (8,9). The beam pointing errors B,, B, are related to G,V by

—— -

i =sin8cosd =sin(8,, ... — B;)cos(¢ eoperent — Bo)
= estimate [(sin8 ;,p4r,.,c0s By —sin By €058 45 parens J(€OSQ + By sind
+sind,_.,...sinB,)] = (sin®— B, cosB)(cosd — B,sing)]

= sinfcosd— B, cosB@cosd + B, sinOsin®, B, <<1rad, B,<<lrad (A-16)

V=sinBcos¢=sin(0,...... — By)sin(0,, ... —B,)

= estimate [(sin6___,.cos B, —sin B, cosf,....)(sind,,... cOsB,
~C€OSO,rer; SIN B, )] = (sin 0 — B, cosB)(sind— B, cos )]

=sin0sin$ — B, cosOcos9 — B, sinOcosd, B, <<1 rad, B,<<lrad (A-17)

Reamrangisg terms,

U~ u=—(cosO cosd)B, +(sinBsin¢) B, (A-18)

V—v=—(cosB sin$)B, +(sinO cos$) B, (A-19)

. —éose cos® sinOsind .
Denoting A = ] ) =cos0sin0,
ccsOsind —~sin0 cos

it—u sin@sin
Bel 0

A

v—v—sin@cos

A5




IR

= (1/A)[(G —u)(—sin6 cos) — (V- v)(sinO sin ¢)]

=—(1/ cosO)[(l — u)cosd + (v —v)sin¢), B, <<1 rad

1

*TA

—~c0s0 cos¢
~cosBsind

i—u
V—v

=(1/ A)[(V = v)(=cos6 cosd) — (1 — u)(cos® sin ¢)]

=(1/sin®)[(@—v)sin¢p+ (¥~ v)cos¢], B, <<1rad

where i —u, V—v are given by equations (A-9) and (A-10), respectively.

A-6

(A-20)

(A-21)
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